Let G be a nonabelian finite p-group of order p m . A long-standing conjecture asserts that G admits a noninner automorphism of order p. In this paper we prove the validity of the conjecture if exp(G) = p m−2 .
Introduction
Let G be a nonabelian finite p-group. A long-standing conjecture asserts that G admits a noninner automorphism of order p (see also [9, Problem 4 .13]). Liebeck [8] has shown that finite p-groups of class 2 with p > 2 must have a noninner automorphism of order p fixing Φ(G) elementwise. For p = 2, Liebeck produced an example of a 2-group G of class 2 and order 2 7 with the property that all automorphisms of order two fixing Φ(G) are inner. Deaconescu and Silberberg [5] reduced the verification of the conjecture to the case where C G (Z(Φ(G))) = Φ(G). Abdollahi [1] [2] [3] proved that if G is a finite p-group of class 2, 3 or G/Z(G) is powerful, then G has a noninner automorphism of order p leaving either Φ(G) or Ω 1 (Z(G)) fixed elementwise. Jamali and Viseh [7] proved that every nonabelian finite 2-group with a cyclic commutator subgroup has a noninner automorphism of order two fixing either Φ(G) or Z(G) elementwise. In [11] we showed the validity of the conjecture when G satisfies one of the following conditions:
is not elementary abelian of rank rs, where r = d(G) and s = rank(Z(G)). [2] Noninner automorphisms of order p 273
Here we show the validity of the conjecture for some finite p-groups. In fact we prove the following theorem. T A. Let G be a nonabelian finite p-group of order p m satisfying one of the following conditions:
Then G has a noninner automorphism of order p leaving either Φ(G) or Ω 1 (Z(G)) fixed elementwise.
A p-group G of order p n with n ≥ 3 and nilpotency class n − 1 is said to be of maximal class. The cornerstone in the theory of p-groups of maximal class is the paper by Blackburn [4] (see also Huppert [6, III.14]). If G is a p-group of maximal class, then G has a noninner automorphism of order p which fixes Φ(G) elementwise (see [11, Corollary 2.7] ). In this paper, we prove a stronger version of [11, Corollary 2.7] .
T B. If G is a group of order p n (n ≥ 4) and of maximal class, then G has at least p(p − 1) noninner automorphisms of order p which fix Φ(G) elementwise. [5] , G has a noninner automorphism of order p which fixes Φ(G) elementwise. Hence we need only consider the case where C G (Z(Φ(G))) = Φ(G). Also by [1, Theorem] and [11, Corollary 2.7] we can assume that cl(G) 2, m − 1.
Proofs
is cyclic. Hence by [11, Theorem] , G has a noninner automorphism of order p which fixes Φ(G) elementwise.
(2) Let a be the element of
a . Hence M = x, a is an abelian maximal subgroup of G. Therefore
a contradiction. Thus C G (a) = a . Suppose first that p is odd. Hence by [10, Proposition 5] , G is isomorphic, for m ≥ 4, to and, for m ≥ 5, to
is a maximal subgroup of G and Z(G) = Z(M) = a p . Now the map φ defined by φ(a) = a, φ(b) = b and φ(c) = a p m−3 c is a noninner automorphism of order p which fixes Φ(G) elementwise. Now let G be isomorphic to
is a powerful p-group and so by [2, Theorem 2.6], G has a noninner automorphism of order p which fixes Φ(G) elementwise.
m−4 b, bc = cb ; and for m = 5 to
If G is one of the groups G 15 or G 16 , then G = a 2 b C 2 m−3 and Z(G) = a G) )) = G Φ(G), which is a contradiction. Therefore s ≥ 2. We claim that
, Z(G) .
